A cheapest stable nonconforming finite element method is presented for solving the incompressible flow in a square cavity without smoothing the corner singularities. The stable cheapest nonconforming finite element pair based on 
Introduction
The lid driven square cavity has been one of the most popular benchmark problems for new numerical methods for the incompressible Navier-Stokes equations in terms of accuracy, numerical efficiency and so on. To refer only few see ✩ The project is supported in part by National Research Foundation of Korea (NRF-2014R1A2A1A11052429).
Email addresses: rokt.lim@gmail.com (Roktaek Lim), dongwoosheen@gmail.com (Dongwoo Sheen) [4, 8, 17, 18] , for instance, and the references therein. The presence of singularities at the upper corners of the cavity is the source of numerical difficulties for solving the cavity flow problem. It is usually erroneous to use high-order methods without handling the corner singularities due to the Gibbs phenomenon.
Many studies have been carried out to overcome this difficulty. Barragy and Carey [6] used a p-version finite element formulation (p ≥ 6) combined with a strongly graded and refined mesh to handle the corner singularities. Other studies change the boundary condition to overcome this difficulty: see, for instance, [20, 21, 30, 31] , and the references therein. The latter approach are coined as the so-called regularized lid driven cavity problem. The constant boundary condition for velocity is replaced by a function that vanishes at the upper corners of cavity [20, 31] . Botella and Peyret [8] solved a regularized cavity problem by using a subtraction method of the leading terms from the asymptotic expansion of the solution of the Navier-Stokes equations in the vicinity of the corners, where the velocity is discontinuous. Sahin and Owens [30] inserted leaks across the heights of the finite volumes at the corners between the lid and the vertical walls to handle the corner singularities. Many studies reported that in the critical Reynolds number range [7000, 8500] Hopf bifurcations occur for the lid driven square cavity problem [4, 18, 20, 31] . Instead of the square domain, Glowinski et al. [21] considered a semi-circular cavity-driven flow with a special time-dependent regularization on the Dirichlet data at the two corners: they observed Hopf bifurcations around Re = 6600, which is smaller than the case of square domain, using an iso-parametric variant of the Bercovier-Pirroneau element [7] introduced in [20] .
The purpose of the current paper is to try to solve the lid driven square cavity problem without any regularization at the corners, employing nonconforming finite element pairs whose degrees of freedom and implementation are as cheap as possible. As the nonconforming elements use the values at the midpoints of edges as DOFs, instead of those at the vertices, the discontinuity singularities at the corners are naturally treated without any regularization. Our nonconforming finite element pairs are based on the two stable nonconforming finite element pairs on uniform square meshes [26] introduced for the stationary incompressible Stokes problem. The two pairs are briefly described as follows:
The first of them uses the P 1 -nonconforming quadrilateral element [28] for the approximation of the velocity field, componentwise, while the pressure is approximated by a subspace of the piecewise constant functions whose dimension is two less than the number of squares in the mesh. The second of them is a one-dimensional modification of the above finite element pairs to both velocity and pressure spaces: the velocity space is enriched by a globally one-dimensional DSSY-type bubble function [11, 15, 24] while the pressure space is the subspace of the piecewise constant functions whose dimension is one less than the number of squares in the mesh in order to fulfill the mean-zero property. The stability and optimal convergence results for these element pairs applied to the stationary Stokes equations with the homogeneous Dirichlet boundary condition can be found in [26] .
In order to treat the inhomogeneous lid-driven Dirichlet boundary condition, we modified the above elements [26] as follows. The boundary condition on the interior of the top boundary is handled as usual, but the corner boundary condition is specially treated by adding two local DSSY-type bubble functions whose values at the midpoints of top boundary parts to be (1, 0) t and at the midpoint of the other boundary parts to be (0, 0) t . Indeed, since nonconforming finite element methods can avoid vertex values degrees of freedom, the boundary values at the top left and right corners are not required. Thus, one can solve the driven cavity problem without any regularization of the boundary condition (3).
We note that the above modified finite elements have the smallest DOFs and are easiest to implement among the finite element space pairs that fetch all non-spurious piecewise constant pressure fields. Moreover, our finite element methods yield nearly divergence free velocity fields. Indeed,
, which is good indication of numerical solver. The O(h 3 ) factor arises from the inhomogeneous boundary data (the finite element pairs introduced in [26] for the homogeneous boundary condition yield exactly divergence free velocity approximation.) Another indication of superiority of our element is that our methods gives substantially smaller volumetric flow rates across horizontal and vertical line sections [5] than other methods by a factor of two. They are reported in §5.
The plan of our presentation of this paper is as follows. In the next section the lid-driven cavity problem is briefly described. With a brief review on the P 1 -nonconforming quadrilateral element, a detailed description and implementation of our finite element methods are given in §3. Three accuracy indications of our numerical solutions are analyzed in §4. Some numerical results are presented §5 with comparison to the results of other methods. The last section concludes our presentation.
Problem formulation
Let Ω = (0, 1) 2 be the square cavity. Consider the steady-state incompressible Navier-Stokes equations in dimensionless form:
with the Dirichlet boundary condition
Here, u and p denote the flow velocity and pressure, ν the fluid kinetic viscosity, Γ the boundary of Ω, and ν the unit outward normal vector to Ω. Here, and in what follows, bold faces will denote the two-dimensional vectors, functions, and function spaces. For the driven cavity problem, suppose that the Dirichlet data is given by
(1, 0) t if 0 < x < 1 and y = 1, 0 elsewhere on ∂Ω.
Notice that the regularity of the boundary value of velocity field:
for arbitrary ǫ > 0, which limits the regularity of the solution u ∈ H 1−ǫ (Ω) at best. The possible highest regularity of the solutions is
The Sobolev embedding theorem implies (u,
See [12] for more details of analysis in the case of driven cavity Stokes equations.
A cheapest nonconforming finite element method
In this section we will begin with a brief review on the P 1 -nonconforming quadrilateral element [2, 3, 27, 28] Then the stable cheapest finite element pairs [26] for the incompressible Stokes equations with homogeneous boundary condition will be described. In the third part of this section describes the treatment of nonhomogeneous boundary condition for the lid-driven cavity problem. Especially the corner singularities will be taken care of.
3.1. The P 1 -nonconforming quadrilateral element space
In this paper, we consider the unit square domain Ω = (0, 1) 2 with uniform square meshes. Let (T h ) 0<h<1 be a family of partitions of Ω into The global basis functions of P nc,h 1,0 can be defined vertex-wise: for each interior vertex V jk in T h , define φ jk ∈ P nc,h 1,0 such that it has value 1 at the midpoint of each interior edge whose end points contains the vertex V jk and value 0 at the midpoint of every other edge in T h . Then the P 1 -nonconforming quadrilateral element space [27, 28] is given by
The DSSY-type finite element space
The DSSY nonconforming element space on a reference domain Q :
with vertices
where
The reference DSSY basis functions have the form
In what follows, we fix ℓ = 1.
Let F Q : Q → Q be a bijective affine transformation from the reference domain onto a rectangle Q. Then DSSY (Q) is defined by
Then the DSSY-type finite element space [10, 11, 15, 24] is defined by
v is continuous at the midpoint of each interior edge and vanishes at the midpoint of each boundary edge in T h }.
Remark 3.1. For ℓ = 0, the DSSY-type nonconforming element is identical to the rotated Q 1 element of Rannacher and Turek [29] . The difference between and the DSSY-type nonconforming elements (with ℓ = 2, 3) and the rotated Q 1 element is that the former satisfies the mean value property
on each edge e in T h , where m e denotes the midpoint of e. See [24] for more details.
3.3. The stable cheapest finite element pairs: homogeneous Dirichlet boundary
where χ Q jk denotes the usual characteristic function. Denote by P h 0 the subspace of P 
We are now in a position to form the two NQ 2 − 1 -dimensional subspaces of P h 0 as follows:
Then it turns out that P h 0 = P h R,0 ⊕ P h B,0 , from which the basis functions for P h 0 is built in a standard way by taking the union of the basis functions of 
and the integral averages over the edges in T h vanish except
where ν denotes the unit outward normal vector to Q jℓ on the edge ∂Q jℓ ∩ ∂Q j+1ℓ , ℓ = k, k + 1. Introduce the following vector space of macro bubble
1,0 in enriched by adding B B B h , denoted by P P P nc,h
h , and hence, the second stable Stokes finite element pair is defined as follows:
The stability and optimal convergence properties of the two pairs of Stokes elements (5) and (6) are shown for the stationary Stokes equations in [26] .
Comparing several other stable quadrilateral finite element pairs satisfying the inf-sup condition [13, 23, 29] , the nonconforming element pairs (5) and (6) have the lowest degrees of freedom. Table 2 illustrates the degrees of freedom for different pairs, whose notations will be used throughout the paper.
It is shown that both nonconforming finite element spaces (5) and (6) give exactly identical solutions for velocity fields but slight different pressure solutions whose differences in L 2 (Ω)-norm are of order O(h), and thus both velocity 
2,0 × P h 0 , rotQ 1 × P h 0 , and P P P nc,h 1,0 × P h 0 stand for the two Taylor-Hood elements of type Q 2 × Q 1 and Q 2 × P 1 , the Rannacher-Turek nonconforming quadrilateral rotated Q 1 × P 0 element, and the nonconforming quadrilateral P 1 × P 0 element [26] , respectively.
and pressure are approximated with optimal convergence for Stokes flows. See 
both of which have values 1 at the top midpoints ( 
We are now in a position to define a discrete weak formulation of (1) to find
The nonlinear equations (8) can be approximated by the Picard iteration method [14, 16, 25] . With an initial guess (u
The Picard iterates (u
h ) k≥1 are shown to converge at a linear order to the solution (u 0,h , p h ) of (8) in [25] . One may of course use the Newton iterates which converge quadratically with sufficiently close initial guesses to the exact solution as described in [14, 16, 25] .
Accuracy of solutions
Previous studies validated their numerical solutions by comparing their numerical results with benchmark solutions in the literature, for example, [6] and [19] . According to Erturk et al. [18] , there are many different numerical procedures for the lid-driven cavity flow problem which yield very similar numerical results in the case of Re ≤ 1000, however, their numerical solutions start to deviate from each other as the Reynolds number increases.
Hence, in order to claim some sort of superiority of our nonconforming method over the other existing methods, we will not only compare our numerical results with those in the literature, but also show some other assessments for the accuracy of the numerical solution.
Volumetric flow rate
Aydin and Fenner [5] 
Compatibility condition for the stream function ψ
We can also use the compatibility condition for the stream function ψ for the assessment of the the accuracy of numerical solutions. Using the expressions of the vorticity ω as the two-dimensional curl of the velocity: ω = ∇ × u, and the velocity field as the two-dimensional curl of the stream function u = ∇ × ψ, one has the Neumann boundary value problem for ψ as follows:
A compatibility condition, combined with (2), yields
One can compute Ω ω dx by using the numerical solution u h , and compare to check the accuracy of the numerical approximation.
Incompressibility condition
Since the pointwise incompressible condition ∇· u = 0 should hold pointwise, the smallness of
is a good indicator to check numerical accuracy. This implies that (13) of the numerical solution u h should be close to zero.
Invoking (7), and observing that
one sees the following simplification:
Recall that φ jk is piecewise linear, and hence its derivative is constant on each (14), and (16) it then follows that
As a basis for P h 0 , choose the union of the basis functions of P h R,0 and P
Similarly, for j, k = 1, 3, 5, · · · , N − 1, with
Setting γ 1 = QNN ∇ · u h dx and γ 2 = QN−1,N ∇ · u h dx, one obtains from (17) and (18) that
Consequently,
However, using the Divergence Theorem piecewise for each Q ∈ T h , we have
Hence, NQ 2 (γ 1 + γ 2 ) = 0 and therefore
In order to compute γ 1 exactly, we sum Q jk ∇ · u h dx over all the red-type rectangles Q jk ∈ T R h invoking the form of u h given in (7) . Observing that for each interior vertex V jk there are two rectangles in T R h which share only the vertex: these two rectangles can be either the pair (Q jk , Q j+1,k+1 ) or the pair (Q j+1,k , Q j,k+1 ). Then the integrals ∇ · ξ jk η jk φ jk dx over those pairs cancel each other due to the Divergence Theorem or direct integrations. Recalling that the DSSY-type basis function parts on the two top corners do not contribute anything for the integration of divergence, we see that
A combination of (20) and (21) shows that
We summarize the above results as in the following theorem:
Theorem 4.1. Let u h be in the form (7) and (u 0,h , p h ) ∈ P P P nc,h 1,0 × P h 0 fulfills (8b). Then (22) holds. Moreover, the signature of the integral over Q jk 's are alternating.
Numerical results
We have computed the steady state solutions of lid driven cavity flow from Re = 100 to Re = 5000 by using the Picard iteration method with the termina-
where A, B, and N denotes the matrices for the discrete Laplacian, divergence, and convection, respectively. First, notice that our proposed nonconforming finite element method for finding (u 0,h , p h ) ∈ P P P 
and the leaky cavity boundary condition
respectively. Notice that both conditions (24) and (25) satisfy (12) . Our own FORTRAN and MATLAB codes were developed to implement the P P P For the case of Re = 1000, we present in Fig. 5 the u-velocity profiles along the line x = 0.5 and the v-velocity profiles along the line y = 0.5 computed by 1,0 × P h 0 element with the boundary condition (3) and compare our results with those by Botella and Peyret [8] , by Bruneau and Saad [9] , and by Guermond and Minev [22] . In each case, our velocity profiles show a good agreement with the reference solutions. We remark that the solutions obtained Botella and Peyret used a spectral method on 160 × 160 spectral nodes, and For the range of Re = 100, 400, 1000, 2500, 3200, and 5000, Figs. 2 and 3 show the u-velocity profiles along the line x = 0.5 and the v-velocity profiles along the line y = 0.5 computed by using the P P P nc,h 1,0 × P h 0 element with the boundary condition (3) and comparison results with those by Erturk et al. [18] and Ghia et al. [19] . In each case, our velocity profiles show a good agreement with their results.
Although the velocity profiles in Fig. 5 and Figs. 2 and 3 seem to match quite well for Re = 1000, some of the actual numerical values differ in digits compared to those reported in [8, 9, 22] . Hence, we compare the numerical values in Tables 4 and 5 with the reference solutions from [8, 9, 22] . Our numerical values, which were computed with 256 × 256 meshes with the lowest possible finite element P P P nc,h 1,0 × P h 0 , match with the reference values at least up to two digits, or with less than 1% errors. The computed streamlines are presented in Fig. 4 . One can observe countrotating secondary vortices at the bottom left and right corners of the square cavity. Bottom left and right vortices grow in size as Reynolds number increases The vorticity contours are presented in Fig. 5 . We observe that the gradient in vorticity is negligible in the center of cavity and the region of very low gradient in vorticity grows as Reynolds number increases.
In Table 6 , we present the location of the center of the primary vortex, the stream function ψ, and vorticity ω at vortex center. These data are calculated for 100 ≤ Re ≤ 5000; for comparison, available data from the literatures are also given. The values of the stream function ψ and vorticity ω are recorded at the center of meshes. The locations of primary vortices computed by using the P P P nc,h 1,0 × P h 0 element differ from the other results by about 0.002 which is half the mesh size 1/h ≈ 0.0039, Our numerical solutions computed by using both P P P [18] [19] [20] 30] . In addition, Table 7 summarizes data on the strengths and the locations of secondary vortices in the bottom left and right corners, and in the top left corner. We observe that secondary vortices appear stronger as the Reynolds number increases.
In §4, we introduced the indicators for the accuracy of the numerical solution. First, the volumetric flow rate values Q u,xc and Q v,yc defined by (10) are shown in Table 8 . for the P P P Table 10 shows the values of (12) and (13) for the P P P (25) give precise values, while the Taylor-Hood element with the watertight cavity boundary condition (24) generates about 0.3% errors. An investigation of (13) shows that the numerical results obtained by using the P P P nc,h 1,0 × P h 0 element are more accurate than those by the Taylor-Hood element. Moreover, the absolute values (13) for the P P P nc,h 1,0 × P h 0 element are independent of Reynolds number and element Q jk due to Theorem 4.1. With the grid size 256 × 256, the absolute values (13) for the P P P nc,h
while such values for the Taylor-Hood element with watertight and leaky cavity boundary conditions are given in Table 10 . It should be stressed that the values obtained by the P P P nc,h 1,0 × P h 0 element are smaller by a factor of four than those obtained by the Taylor-Hood element.
At least judged by the three accuracy indicators, (10), (12) , and (13), the numerical solutions by using the P P P nc,h 1,0 × P h 0 element without any modification Table 8 : Volumetric flow rates along the vertical and horizontal lines through the geometric center of the cavity, (xc, yc), by using the P P P nc,h at the top corners are more accurate than those by using the Taylor-Hood element with modified boundary conditions (24) and (25).
Conclusions
A nonconforming finite element method is used to solve the incompressible flow in a square cavity without any modification of the discontinuity singularities at the top corners of the cavity. Since the P 1 -nonconforming quadrilateral element is to employ the degrees of freedom associated with values at the mid points of edges, it is not required to impose the values at the vertices. By using this property, the P P P nc,h 1,0 × P h 0 element enables to solve the lid driven cavity problem without modification of boundary condition on the top of the cavity.
In implementing the P P P nc,h 1,0 × P h 0 element for solving the lid driven cavity prob- Our numerical solutions computed by using both P P P 1,0 element with the leaky cavity boundary condition (25) . And our numerical solutions satisfy the incompressibility and compatibility condition precisely. Numerical results Table 10 : Compatibility (12) and incompressibility conditions (13) for the P P P 128 × 128 -1.000000 6.7909E-04 (25) computed by using the P P P nc,h 1,0 × P h 0 element show the best results in terms of satisfying incompressibility and compatibility conditions, and volumetric flow rates.
